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Abstract 

This paper concerns the motion of relativistic strings in the Schwarzschild space-time. As 
a general framework, we first analyze the basic equations for the motion of a p-dimensional 
extended object in a general enveloping space-time {,jV ,g), which is a given Lorentzian mani- 
fold, and then particularly investigate the interesting properties enjoyed by the equations for 
the motion of relativistic strings in the Schwarzschild space-time. Based on this, under suit- 
able assumptions we prove the global existence of smooth solutions of the Cauchy problem for 
the equations for the motion of relativistic strings with small arc length in the Schwarzschild 
space-time. 
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1 Introduction 



It is well known that, in particle physics the string model is frequently used to study the structure 
of hardrons. A free string is a one-dimensional physical object whose motion is represented by a 
time-like surface. In this paper, we study the nonlinear dynamics of relativistic strings moving in 
the Schwarzschild space-time. 

In mathematics, the the extremal surfaces in a physical space-time include the following four 
types: space-like, time-like, light-like or mixed types. For the case of the space-like minimal (or 
maximal) surfaces in the Minkowski space-time, we refer to the classical papers by Calabi [7] 
and by Cheng and Yau [5]. The case of time-like surfaces the Minkowski space-time has been 
investigated by several authors (e.g. [5] and [H])- Barbashov, Nestcrcnko and Chcrvyakov [5] 
study the nonlinear differential equations describing in differential geometry the minimal surfaces 
in the Minkowski space-time and provided examples with exact solutions. Milnor |28] generate 
examples that display considerable variety in the shape of entire time-like minimal surfaces in 
the 3-dimensional Minkowski space-time and show that such surfaces need not be planar. 

Gu investigates the extremal surfaces of mixed type in the n-dimensional Minkowski space-time 
(cf. |16] ) and constructes many complete extremal surfaces of mixed type in the 3-dimensional 
Minkowski space-time (cf. [17]). Recently, Kong et al re-study the equation for time-like extremal 
surfaces in the Minkowski space-time M^^", which corresponds to the motion of an open string 
in (see [2I]-I11]). For the multidimensional versions, Hoppe et al derive the equation for a 

classical relativistic open membrane moving in the Minkowski space-time R^^"^, which is a nonlinear 
wave equation corresponding to the extremal hypersurface equation in M^+^, and give some special 
classical solutions (cf. [3], [H]). The Cauchy problem with small initial data for the minimal surface 
equation in the Minkowski space-time has been studied successfully by Lindblad [17] and, by Chae 
and Huh ^ in a more general framework. They prove the global existence of smooth solutions 
for sufficiently small initial data with compact support, using the null forms in Christodoulou and 
Klainerman's style (cf. [TO] and [SO])- 

In the paper [25], the authors investigate the dynamics of relativistic (in particular, closed) 
strings moving in the Minkowski space-time M^+" (n > 2). They first derive a system with n 
nonlinear wave equations of Born-Infeld type which governs the motion of the string. This system 
can also be used to describe the extremal surfaces in R^+". Then they show that this system 
enjoys some interesting geometric properties. Based on this, they give a sufficient and necessary 
condition for the global existence of extremal surfaces without space-like point in with given 
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initial data. This result corresponds to the global propagation of nonlinear waves for the system 
describing the motion of the string in Moreover, a great deal of numerical analysis are 

investigated, and the numerical results show that, in phase space, various topological singularities 
develop in finite time in the motion of the string. More recently, Kong and Zhang furthermore 
study the motion of rclativistic strings in the Minkowski space R^+" (see [2l])- Surprisingly, they 
obtain a general solution formula for this complicated system of nonlinear equations. Based on this 
solution formula, they successfully show that the motion of closed strings is always time-periodic. 
Moreover, they further extend the solution formula to finite rclativistic strings. 

Here we would like to mention some important results related to this topic. As we know, the 
Born-Infeld theory has recently received much attention mainly due to the fact that the Born-Infeld 
type Lagrangian naturally appear in the string theory and the relativity theory. This triggers the 
revival of interests in the original Born-Infeld electromagnetism (cf. Born and Infeld [5]) and the 
exploration of Born-Infeld gauge theory (cf. Gibbons [E]). From the mathematical point of view, 
this theory is a nonlinear generalization of the Maxwell theory. Gibbons [12] gives a systematic 
study of the Born-Infeld theory and obtained exact solutions in numerous situations. Recently 
Brenier [B] even carried out a study of the theory in the connection to the hydrodynamics. 

However, in a curved space-time there are only few results to obtain (see [15j and Sections 
24 and 32 in [T]). In the present paper, we consider the motion of rclativistic strings in the 
Schwarzschild space-time. We first analyze the basic equations for the motion of a p-dimensional 
extended object in a general enveloping space-time {jV ,g), which is a given Lorentzian manifold, 
and then in particular investigate the interesting properties enjoyed by the equations for the motion 
of rclativistic strings in the Schwarzschild space-time. Based on this, under suitable assumptions 
we prove a global existence theorem on smooth solutions of the Gauchy problem for the equations 
for the motion of rclativistic strings with small arc length in the Schwarzschild space-time. 

The paper is organized as follows. In Section 2, we study the basic equations for the motion 
of a p-dimensional extended object in a given Lorentzian manifold. In particular, in Section 3 
we investigate the equations for the motion of rclativistic strings in the Schwarzschild space-time 
and show some interesting properties enjoyed by these equations. Based on this, in Section 4 we 
prove a global existence theorem for the motion of a rclativistic string with small arc length in the 
Schwarzschild space-time. A summary and some discussions are given in Section 5. 
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2 Basic equations within general framework 

In this section, we investigate the basic equations of the motion for a p-diniensional extended object 
in the enveloping space-time (./K, g), which is a given Lorentzian manifold. 

Since the world sheet of the p-dimensional extended object corresponds to a (p+ l)-dimensional 
extremal sub-manifold, denoted by ./#, we may choose the local coordinates u^, • • • , u^) in 
Let the position vector in the space-time {.jV ,g) be 

,vP) = {x\u°,u\--- ,uP),x\u'^,u\--- ,a;"(u°,M\--- ,vF)). (2.1) 

Denote 

x^^^ and x^^ ^ " ^ (A,S==0,1,--- (2.2) 
Then the induced metric of the sub-manifold ^ can be written as g = {g^iv), where 

gi,y ^gABX^x'^ {fi,iy^O,l,--- ,p). (2.3) 

As a result, the corresponding Euler-Lagrange equations for the p-dimensional extended object 
moving in the Lorentzian space-time (^,g) read 

5^''(-^^.+fSB^>f -r^.x;;) =0 (C = 0,1,... ,n), (2.4) 

where g~^ = [g^'^) is the inverse of g and F^^, F^^, stand for the connections of the metric g and 
the induced metric 5, respectively. 

For the convenience of the following discussion, we introduce notations 

Q — (-'^0, -'^1, • • • , Xp), G = [G Ab) {l+n)x(l+n) — Q9~^Q^ , 

(2.5) 

M^I-Gg, E^{Eo,Ei,--- ,Er.f, 

where / is the (n -I- 1) x (n -t- 1) identity matrix, = {x^,xj^, • • • , cc^)^ (/x = 0, 1, • • • ,p) and 

= ,9^"^ (.T^r, + f ) (C = 0,1,--- ,n). (2.6) 

The main result in this section is the following theorem. 

Theorem 2.1 The left hand side of {2.J^^ can be exactly rewritten in the form ME, i.e., 

n 

9"" (a;^. + ^AB^t^^ ' r;,.-^p ) =Ec- Gca9abEb, (2.7) 

A,B=0 

and then, the equations \2.^^ for the motion of extended object are equivalent to 

ME = 0. (2.8) 



Proof. It suffices to verify that 

n 

S^'^r^.a:^- Gca-QabEb (C = 0,1, 

A.B=0 

On one hand, calculating the left hand side of (|2.9p yields 



,n). 



(2.9) 
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-Q^^v^li^G +9ADX^^,X^ +gADX^ 

f dgAD 1 dgAB \ a b,~ a 
\ dxB 2 dxD ) ^^"^^ +9ADX^, 



1 dgAB DAB 

2 dx^ ^^^M^- 



dABX^^X^ 



(2.10) 



On the other hand, the right hand side of (|2.9p can be reformulated as 



GcAgABEs 

A,B=0 A,B=0 



g'-x'lxtgABg^ 



fB E F 



Y g'"x';xt~gABg^'' 



(2.11) 



( dgAD 1 dgAB \ a b , ~ A 
x^x^ +gADX^^ 



\dxB 2 dx^ 

Combining (PTTU)) and (pUj) gives the desired ((^ . This proves Theorem 2.1. ■ 

Remark 2.1 Because the equations for the motion of the extended object are equivalent to the 
equations 112. 8\) . we can only consider the equations 



(2.12) 



It is obvious that the solutions of E = must be the solutions of the equations ^2.4^ . Furthermore, 
since the equations \2.4-^ are independent of the choice of coordinate charts, we may choose some 
special coordinate charts to simplify these equations. Historically, for the case of Riemannian 
manifolds, the first special coordinate system is the so-called harmonic coordinate system which 
obeys the equations Vi/V'^x'^ — 0; while for the case of Lorentzian manifolds, the corresponding 
one is the wave coordinate system, which satisfies the wave coordinate condition g'^T^^^ = for 
all p. Under this coordinate system, the equations \2.4-^ obviously reduce to the equations h2.12]) . 

Remark 2.2 If the Lorentzian manifold ,g) is flat, then the corresponding connection vanishes, 
i.e., = {A,B,C = 0,1,2,3). In this case, the equations \2.4^ become 



5^"^ (^M. - r^.a;;;) = (C = 0,1,--- ,n); 



while the equations i2.12\) reduce to 



gf^^xf^.^O (C7 = 0,l,--- ,n), 



which go back to the equations studied by Kong et al (cf. 120 and 124-1) 



Remark 2.3 Under the wave coordinate system, the equations {2.4^ is nothing but the equations 
h2.12\) . which leads to 

ff^'^r^.x^^O (C = 0,1,... (2.13) 

Unfortunately, since the connection F^,^ of the induced metric g contains the second-order deriva- 
tives of the unknown functions x'~' (C = 0, 1, • • • ,n), it is not easy to solve the equations \2.13\) . 

The rest of the section is devoted to the study on the rank of the matrix M . Since we are only 
interested in the physical motion, we may assume that the sub-manifold ^ is and time-like, 
i.e., 

A = dct,9<0. (2.14) 

This implies that the world sheet of the extended object is time-like, and then the motion satisfies 
the causality. 

Theorem 2.2 Under the assumption {2.14^ , it holds that 

rank M ^ n - p. (2.15) 
Moreover, the nonzero eigenvalues of M are all equal to 1 . 
Proof. In fact, it is easy to see that 



\\I~M\ 



1 



g\\{X-l)I + Qg-'Q'~g 



1 



(A-1)/ Q 

Q^g i 



(2.16) 
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Noting the fact that |(A — 1)/| is equal to zero if and only if A = 1, we can choose a sequence {tk] 
such that 

tk-^l and \{\-tk)I\^i). 
We now consider the matrixes (A — tk)I instead of (A — 1)/. Notice that 



(A-tfc)/-> (A- 1)/ as tk^l. 



A direct calculation gives 

(A-tfc)/ g 
Q^~g -g 



= |(A - tk)I\ \-g - Q^m - tk)I)-'Q\ = {-l)'+'\X - + (A - t^y^gl 

^ (-l)i+f (A - tfc)"-P(A ~tk + 1)^+P\g\ = I - 5l(A - tkT-PiX - tk + 1)^+^ . 



Thus, we obtain 



|A/- Ml = — - lim 



(A - tk)I Q 
Q^g -g 



= Ai+P(A- (2.17) 



This proves Theorem 2.2. 



Remark 2.4 Theorems 2.1 and 2.2 show that there only exist n — p independent equations in 
i2.8\) . Moreover, it holds that 

MQQ'^ = 0, Q^MQ ^ 0. (2.18) 
In fact, the first equation in (|2.18|) conies directly fi-om the fohowing fact 

MQQ^ = (/ - G.g)QQ^ = QQ^ - Qg-'Q^gQQ'^ - 0. (2.19) 
The second equation in (|2.18|) can be proved in a similar way. 

3 The equations for the motion of relativistic strings in the 
Schwarzschild space-time 

The Schwarzschild space-time is a fundamental physical space-time, it plays an important role in 
general relativity, modern cosmology and the physics of black holes. This kind of space-time is 
stationary, spherically symmetric and asymptotically flat. This section is devoted to the study on 
the equations for the motion of relativistic strings in the Schwarzschild space-time. In the spherical 
coordinates (r, r, a,/3), the Schwarzschild metric g reads 

ds^ = -(^l-^^ dr^ +(^1-^^ ' dr^ + r^ {da^ + sin^ ad^^) , (3.1) 

where to is a positive constant standing for the universe mass. However, if the enveloping space- 
time is Schwarzschild, we do not think that the spherical coordinates is a good choice for the study 
on general motion of relativistic strings in the Schwarzschild space-time, since the angle variables 
will bring some difficulties (sec the details in Appendix). Hence, in the present paper we shall 
adopt the Schwarzschild metric in the Cartesian coordinates, denoted by (x*^, cc^, x^, a;'^). 

By a direct calculation, in the Cartesian coordinates {x ) the Schwarzschild metric 

reads 

3 3 

ds^ = - (i - ^) {dxr + E v^'-^dx^d-' + E(^-T, (3.2) 

where ^ 



In this paper, we take the parameters of world sheet of the motion of the relativistic string in the 
Schwarzschild space-time as the foUowing form 

(t,e) — ^ {x"{t,e),xHt,e),x^{t,e),x^{t,9)). (3.3) 

Denote 

x{t,e) = {x\t,e),x\t,e),x'{t,e)f, x = {x''{t,e),{x{t,e)ff. 

For two given vectors X — (x^ ,x'^ ,x^) and Y = {y^ , , y'^) , the inner product of them is defined 

by 

3 

{X,Y)=Y,xY. 

i=l 

Thus, in the coordinates (t, 9) the induced metric of the sub-manifold ^ reads 
where 

.900 = K) + \Xt\ +—, -—{X,Xt} , 

r r^yr — 2m) 

,901 = ,910 = x'ix'i + {Xt,X0) + — {X,Xt){X,Xe), (3.4) 

r r'^yr — Zm) 

911 = -"-^{4? + \Xe\' + , '"^^ A X,Xor. 
r r'^yr — Zm) 

As before, let g^^ = {9^'^) be the inverse matrix of g. 

In the present situation, the time-like assumption (|2.14l) becomes 

A = det 5 = .goo5ii - 
r — 2in 



[{x'AXoir + {4\Xt\r - 2x\x^e{XuXe)\ + \X,f\Xef - 

{{x\f(X,Xe? + (a:°)2(X,Xi)2 - 2x\x%(X,Xt)(X,Xe)\ 
2m 

^2(^_2^) {\Xtf{X,Xef + \Xef{X,Xtf - 2{X,Xt){X,Xe){Xt,Xs)\ 



r 

2m 

2m 



< 0, (3.5) 
and the system (|2.12p . i.e., 

Ec = 9^" + f - {C^0,1, 2, 3) (3.6) 
can be rewritten in the following form 

giiXtt - 2gmx% + gmx^g + 
2m 

-(giix°(X,Xt) -5oix?(X,Xe) - .goia:2(^,^t) +ffooa;g(^,^e)) =0 (3.7) 



r2(r — 2m) 
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and 



giiXtt — '^goiXte + gooXg 



m{r — 2m) 



2m 



ign\Xt\^ - 2goi{XuXe) + ffool^eP)^ + 



m(3r — 4m) 
r^{2m — r) 



(gn {X, Xtf - 2501 {X, Xt) {X, Xg) + goo{X, Xg)^)X = 0. 



(3.8) 



Remark 3.1 The mapping 13. 3\) described by the system iS. 6]) is essentially a wave map from the 
Minkowski space-time M.^'^ to the Schwarzschild space-time. Gu \14Jl proved successfully the global 
existence of smooth solution of the Cauchy problem for harmonic maps defined on the Minkowski 



space-time 
map from I 



pl4 



. According to the authors' knowledge, there exist only a few results on the wave 
to the Schwarzschild space-time. 



Let 



u = [u^^uf ^X = {x',x\x\xY, V = {v°,vf ^X,^ {xlxlxlx^f, 

W = {w°, w)^ ^ Xg^ {xl, Xg, xl, xl)'^ 



and 



Then the equations p.7p - p.8p can be equivalently rewritten as 

Ut + AU9 + B = 0, 



(3.9) 



(3.10) 



(3.11) 



where 



and 

in which 

B' = 



B' 



/ 



A 



(i = 1,2,3,4), 



2m 



|u|2(|u|-2m) 





.900 



2,901 

U i4x4 -(4x4 

,911 ,911 



V 







B = iB\--- ,B 



12\T 



1 \ 9oi / \ yol / \ I yoo / \ 

V {U,V) V {U,W) W {U,V) H W [UjU!) 

511 511 511 



501 



500 



m(|w| — 2m) 



iv") 



2 ^501 , 500/ o^2 

v"w" H [w ) 

511 511 



2m 



m(3|u| — Am) 
^ |u|5(2m- \u\) 

(i = 9,10,11,12). 



; \2 2.901 / w \ , ,900 / X 2 

(u, V) [u, V) [u, w) H [u, w) 

511 511 



2501 , \ , 500 1 12 
511 511 

(* = 6,7,8), 
(3.12) 



By a direct calculation, the eigenvalues of the matrix A read 
'a, = Ao^0 (1 = 1,2,3,4), 



\ > A -.901 - V (501)^ - 5005ll /. r c ^ o\ 

A; = A_ = (1 = 5,6,7,8), 

511 

A, = A+ 4 ^^Hl±V^(^2ZZ^2«5l7 (,^9^10,11,12). 
511 

The right eigenvector corresponding to A^ (i = 1, 2, • • • , 12) can be chosen as 
' n = {e^, 0, 0, 0, 0, 0, 0, 0, 0)^ {i = 1, 2, 3, 4), 

n = (0, 0, 0, 0, -A_e,_4, e,.4f (« = 5, 6, 7, 8), 
[ n = (0, 0, 0, 0, -A+e,_8, e,^sf {i - 9, 10, 11, 12), 
where 

ei = (1,0,0,0), 62 = (0,1,0,0), 63 = (0,0,1,0), 64 = (0, 0, 0, 1). 
While, the left eigenvector corresponding to Ai (i = 1, 2, • • • , 12) can be taken as 

/, = (e„0,0,0,0,0,0,0,0) (i = 1,2,3,4), 

= (0, 0, 0, 0, e,_4, A+e,_4) {i - 5, 6, 7, 8), 
[ n = (0, 0, 0, 0, e,_8, A_e,_8) {i = 9, 10, 11, 12). 
Summarizing the above discussion gives 



(3.13) 



(3.14) 



(3.15) 



Proposition 3.1 Under the assumption iS.5\) . the system \3.11]) is a non-strictly hyperbolic system 
with twelve eigenvalues (see I13.13\) ). and the corresponding right (resp. left) eigenvectors can be 
chosen as (O^F ('^^^P- WHB)- 



Proposition 3.2 Under the assumption \3.5\] . the system \3.11\) is linearly degenerate in the sense 
of Lax (see JMI). 

Proof. Obviously, it is easy to see that 

VAo-r, = (i = 1,2,3,4). 

We next calculate the invariants VA_ • (i = 5, 6, 7, 8) and VA+ • {i = 9, 10, 11, 12). 
For every i £ {5, 6, 7, 8}, by calculations, we obtain 

VA_ • r,- = -A--— + -——r = 0. 



Similarly, we have 



VA+-ri = (1 = 9,10,11,12). 
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Thus, the proof of Proposition 3.2 is completed. ■ 



On the one hand, we have 

3 



dX- , dX 



de 



dX^ 



dX- 



-Vf + - — Wf + A I 



^u^'' * dvt^ * ' ^w^^ ' - i q^^, -u • 



E 



dX- ,, 9A_ ,, dX- ., 



On the other hand, by straightforward computations, we obtain 



dX- 



0, 



dX_ 



1 \u\ - 2m 



(A_u." + w") 



dX^ 



(3.16) 

(3.17) 

2mu;'(u, w) 



A- f 2m - „ „ 2m(3 u - 4m) . 2mw*(u,w) 

, < — ■; — -r-U U^tu" — - — — ; —u (u,v){u,w) + - — —. — ; -r ■; — rTTT, — I 7 

/^\ \u\3 |u|4(|u| - 2m)2 \ ' /\ ' / |u|2(|u|_2m) |u|2(|u| - 2m) 



1 



2V^ 

XI 



2m 



u o^2 2m(3 u -4m) . 2 , 4mw*(u,'!;) 
u 3 ^ ' \u\-^{\u\-2m)^ ^ ' u 2( m -2m) 



2m 



2m(3|u| — 4m) ^ 2 Amw^{u,w) 
\u\^{\u\ - 2m,)2" |u|2(|u| - 2m) 



(* = 1,2,3) 



(3.18) 



and 



dX. 



A_w' + + 



2m 



|u|2(|w| - 2m) 



{X-u\u,w) +u'{u,v))} (i = 1,2,3). (3.19) 



Substituting ((XT7)) - ((XTO| into ((XTB| leads to 



dX- , aA_ „ 



Similarly, we can show 



dt 



dX+ 



80 



dX+ 



(3.20) 



(3.21) 



Thus, we have proved the following theorem. 



Theorem 3.1 Under the assumption i3.5\} . A_ (resp. X-^-) is a Riemann invariant corresponding 
to A-i- (resp. X-). Moreover, these two Riemann invariants satisfy 



dX- , 9A_ ^ 



''-+A_^=0. 



dt ^ de ' dt de 
The system p.22p plays an important role in our argument. 



(3.22) 



Let 



P^ = u" + A_w", Q^" = v^" + X+w^" (/i = 0,l,2,3) 



(3.23) 
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and introduce 



Define 



By direct calculations, it is easy to verify that i?^ (i = 1, • • • , 12) satisfy 

(m = 0,1,2,3), 



+ Xq- 



dt 

gpQ 



de 

gpQ 



X+ - X- 



-m 



dP' 

dt 

dQ 



m(2m- 1^1) 2m '^(3|^l ~ 477i) ' 

(P0(5,Q)+Q"(^,P)), 



961 IS'PdS'l - 2m) 



|^|3N |5|5(|5|-2m) 



(3.24) 



(3.25) 



(1 = 1,2,3), 



(z- 1,2,3). 
(3.26) 



Remark 3.2 Noting 



and 13. 25\} . we observe that, once we can solve X± from the system 



iS.22\) . the system i3.26]) becomes a semilinear hyperbolic system of first order. 



4 Global existence 

This section is devoted to the study on the global existence of smooth solutions of the Cauchy 
problem for the equations for the motion of relativistic strings in the Schwarzschild space-time. 
Consider the Cauchy problem for the equations p.6|) (or p.7|) - (|3.8p ) with the initial data 

x^(O,0)=p^(0), xf{0,e)^q''{e) (C = 0,l,2,3), (4.1) 

where p'^{0) are C^-smooth functions with bounded C^-norm, while q'~^ [9) are C^-smooth functions 
with bounded C^-norm. p = {p''\p^ ,p^ ,p^),q = {q'^,q^,q^,q^) stand for the initial position and 
initial velocity of the string under consideration, respectively. In order to state our main result in 
this section, we need some preliminaries. 

4.1 Preliminaries 

Stimulated by the discussion in Section 3, we now consider the Cauchy problem for the system 
p.22p with the initial data 

t = 0: A±=A±(^), (4.2) 
12 



where A±(6') are two C^-smooth functions with bounded C^-norm. The foUowing lemma comes 
from Kong and Tsuji [23] (or see [25]). 

Lemma 4.1 Suppose that the initial data ^±(0) satisfy 

A-{e)<A+{e), yeeR. (4.3) 

Then the Cauchy problem \S. \4-'^ admits a unique global solution X± = A±(t, 6) on xM, 
ij and only if, for every fixed 62 G M, it holds that 

A_(0i) < A+(02), V0i<02. (4.4) 

Moreover, if the assumption {4-4^ is satisfied, then the global smooth solution \± ~ X±(t, 9) satisfies 

X- {t, 9) < A+ (t, 9), V {t, 9) eR+ X M. (4.5) 



Remark 4.1 The assumption |^.g[ ) guarantees that the system i3.22\} is strictly hyperbolic near 
the initial time, while ^.4\ l is o, necessary and sufficient condition guaranteeing that the system 



i3. 22\) is strictly hyperbolic on the domain where the smooth solution exists, i.e., x R (in fact, 
the whole {t,x)-plane). 

According to p.4p . we introduce 



3 „ / 3 \ 2 



etc., and denote 



(4.6) 



-.901 b, q] {d) ± (ffoi b, q] {9)f - goo [P, q] {0)9ll[p, q] {0) 

9ii[p,qK9) 

where ^ 

^'o(^) = ■ (4-8) 

In order to apply Lemma 4.1, we assume that the initial data p,q satisfies 

Assumption (Hi): Aj_(0) arc C^-smooth functions with bounded C-'^-norm; 
Assumption (H2): A'j_(6') > X"_{9), V 6* e M; 
Assumption (H3): For every fixed 9-2 G M, it holds that 

A° (02) > A"_(0i), y9,<92. 



13 



Remark 4.2 In the following argument the assumption (H2) can he replaced by the following 
stronger hypothesis 

Assumption (Hj); There exists a positive constant k such that 

xl{9) > x°_{e) + K, yeeR. 

In fact, if we only suppose the assumption (H2) is true, then in the following argument, it suffices 
to prove the existence of the solution on the domain of determinacy of any given interval [—M, M], 
where M is an arbitrary positive number. Therefore, for simplicity, in what follows we always 
suppose that the assumption (i/^J is satisfied. However, all results are true for the case of the 
assumption (II2). 

In order to show that there indeed exist some initial data (p, q) satisfying the assumptions 
(Hi)-(H3), as an example, we consider the fohowing initial data 

p = {p^,p\p\p^) = (f,p^,]^,^)+e{o,p^ie),p^i9),p^ie)] 

^ q={q^,q\q^q^) = (l,eqHe),eq^e),eq^ie)[ 
where (^p^ , p^ , p^ , P'^^ is a constant vector with the property 



(4.9) 



\ 1=1 



(4.10) 



p^{0) {i = 1,2,3) are C^-smooth hmctions with boimded C^-norm and satisfy 



constant = ^ 



(4.11) 



(without loss of generality, we assume ^ — 1), q''{0) {i — 1,2,3) are C^-smooth functions with 
bounded C^-norm, while e is a positive small parameter. Thus, in the present situation we have 



goo[p,qW) ~ -11^, goi[p,qm ^ 0(6% 



ro 



gii[p,qm^e^ 



2m 



\i=l ) 



(fo)2(fo-2m) 

.9oo[p,g](%iib,g](6') < 0, 
provided that e > is suitably small. The third inequality in (|4.12[) gives 



(4.12) 



V(5oib,9](e))2 -5oo[p,<z](%ii[p,g](^) > \m\p.qm\. V0e 

Noting (|4.13p . we observe from the second and third equations in p.l3p that 

A° (6*) > > A^L(6'), V6'eM, 



(4.13) 



(4.14) 
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provided that e > is suitably small. Obviously, the initial data given by (j4.9[) satisfies the 
assumptions (Hi)-(H3) as long as the parameter e > is suitably small. 

We now turn to the Cauchy problem for the system (|3.7p - (|3.8p with the initial data (|4.ip . 
Throughout of this paper, we always assume that the initial data (j4.ip satisfies the assumptions 
(Hi)-(H3). 

First, we consider the Cauchy problem for the system (|3.22p with the initial data 



t = 0: X± = Xl{0). 



(4.15) 



Obviously, under the assumptions (Hi)-(H3) it follows from Lemma 4.1 that the Cauchy problem 
p.22p . (|4.15p admits a unique global solution A± = A±(t, 9) on IR+ x K, moreover the solution 
A± = X±{t,d) satisfies (j4.5p . It is easy to show that, for the solution X± = X±{t,6), the following 
identity 



dt 



do 



A+ + A_ 
A+ - A_ 



= 



holds (see [SI])- This allows us to introduce the following transformation of the variables 



(4.16) 



{t,9) ^ (r,^). 



(4.17) 



which is defined by 

where •& = 'd{t, 9) is given by 

2 



< 



(4.18) 



X+{t,9)- X-{t,9) X+{t,9) - X^{t,9) 
2 



79(0,0) = eo(0)^ 



(4.19) 



xlio-x^c) 



dC, V 61 e 



Lemma 4.2 Under the assumptions (Hi)-(Hz), the mapping defined by {4..1'T^ - {4^.19\j is globally 
diffeomorphic; moreover, it holds that 



d d d d d d d d 

dt'^ ^d9^d^^&d' dt^ d^^ W 

Proof. It is obvious that the mapping defined by (|4.17p - (|4.19p is well-defined on 



(4.20) 



We now calculate 
^ d{t,9) " 



X+{t,9) + X^{t,9) 2 

' X+{t,9) - X^{t,9) X+{t,9) - X-{t,9) 



X+it,9)-X.it, 



7^0 (4.21) 



for every (t, 6*) e R+ x 
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On the one hand, we introduce 

X±{T,^)=X±{t,d). (4.22) 

It follows from that 

A±(0,^) = A"±($oW)^A±(^), (4.23) 
where $o ~ ^oi"^) is the inverse function oi = Oo{9) which is defined by the second equation in 

mm- 

On the other hand, noting the first equation in ()4.19p . we have 

dX+^dX+ _ dX+m dX+ d0 dX+ dt dX+ 89 
Ot ~ dd ~ dt dr ^ 09 Or ~ dt d-& ~ 89 8d 

8X+ X+ + X- 8X+ X+ - X- 8X+ 



8t 2 961 

8X+ , 8X+ 



Similarly, it holds that 



8t 8i9 8t ^ 89 
Noting and using leads to 



This allows us to solve out -d = d{t, 9) from (|4.19l) . 

In fact, it follows from the first equation in (|4.19l) that 

2 2 



(4.24) 



8t 89 
0. 



8X- 8X- 9A_ ^ aA_ ^ 

+ ^+^=0- (4-25) 



A±(t, = A±(i? ± r) = A^($o(^9 ± r)). (4.26) 



(4.27) 



A'[(<i>o(i? + T))-A"_(<i>o(i?-T)) AO($o(i^ + T)) + AO($o(i9-T)) 

= — ■ av H ■ dr. 

2 2 

(|4.27p defines a unique function 9 = (f>(T, i?) with the initial data 

$(0,i?) = $0(19)- (4.28) 

Introduce 

e{t,9) = -j^ X%{MC))dC - 2 1 A° (<J>o(C))dC. (4.29) 
It is easy to check that 

i? = e(t,6i) (4.30) 
is the inverse function of 9 = <I>(t, d). (|4.30p is the desired ■& = ?9(i, 9). 
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We now prove that, under the assumptions (Hi)-(H3), the mapping defined by (|4.17p - (|4.19p is 
globally diffeomorphic. 

On the one hand, noting (|4.29p and (j4.30p . wc observe that, for any fixed r G (i.e., t G ffi"*"), 

1 



[A*[(a>o(^9 + r))-A"_($o(^?-r))] 



= i[A°(^+)-A"(^_)] ^0, 

where 

-$o(^?±^)• 
See Figure 1 for the geometric meaning of defined by (j4.32p . 





(4.31) 



(4.32) 



■d + T -d 



Figure 1: The same point P in the (t, 6')-plane and (t, i9)-plane and the corresponding character- 
istics, where ^± are straight lines. 



On the other hand, we can prove that the mapping defined by (|4.17l) - (|4.19p is proper. 
In fact, by and gSHl), for any fixed r G M+ (i.e., t G M+), it holds that 



1 



6+t 



^ = &it,0) - -/ A"+(cI>o(C))dC-:^ / A"_(<i>o(C))dC 



A^(.)-AO_(.)'''-yo W~A^'^' ^'-''^ 
/•^+ A°(r^) 
= '^-"1 A^(.)-A"(./^- 

Noting (|4.32p and the second equation in (|4.19p yields 

|A°(e)-A"(c)i 



|i?+(t,6') - i9_(t,6l)| = |$o(6' + t) - $o(^-i)| < 2t X max|$^(C)| < 2t x 



max 



Thus, we have 



-aij 



A"+(^)-A"_(r;) 



CGR ceR [ 2 

(4.34) 



<txmax{|A^!.(0-A*i(0|} x max |A'i(77)| x — ^ 



«eR ' nem' min { A" (r? - A_ (77) | 

(4.35) 



Here we have made use of the assumptions (Hi) and (H2). Therefore, it follows from (|4.33p that 

d — > ±00 if and only if — > ±00. (4.36) 
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Noting ()4.32p and the second equation in ()4.19p again gives 

— > ±00 if and only if 6* — > ±00. (4.37) 

By (|4.36p and (|4.37p . the mapping defined by (|4.17p - (|4.19p is proper. Combining this fact and 
(|4.2ip and using the Hadamard's Lemma, we prove that the mapping defined by (j4.17p - (j4.19p is 
globally diffeomorphic. 

(|4.20p comes from (|4.24p and (|4.25p directly. This proves Lemma 4.2. ■ 

Remark 4.3 In fact, {4-21^ holds if and only if the assumption (H3) is satisfied (here we assume 
that the assumption (H2) is always true). 

Lemma 4.3 Under the assumptions (Hi)-(H^), for any given function h ~ h(t,d) defined on 
R+ xR it holds that 

BV{h{t,-)) ^ BVCHt,-)), (4.38) 
provided that the function h(t, ■) is in the BV class for every fixed t G M+, where h is defined by 

h(t,^) = h{t,e{t,i'})). (4.39) 

Lemma 4.3 is obvious, here we omit its proof. 

Remark 4.4 The mapping defined by |^.j7[ )- |4.iff[ ) is somewhat similar to the transformation 
between the Euler version and Lagrange version for one- dimensional gas dynamics. 

4.2 Main result and its proof 

We now state our main result and give its proof. 

Consider the Cauchy problem for the equation (j3.6p (or (|3.7p - p.8p ') with the initial data (|4.ip . 

i.e., 

^ ^ (C = 0,l,2,3). (4.40) 

We have 

Theorem 4.1 Suppose that is the Schwarzschild metric, p^{0) [C = 0, 1, 2, 3) are C'^ -smooth 
functions with bounded C^-norm and satisfy 



{p\e),p\e),p\e))\ ^ 



\ ^^{P'i^W >'2m + S {where 5 is a positive constant), (4.41) 
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q'~^ (0) iC = 0, 1,2,3) are -smooth functions with hounded -norm. Suppose furthermore that 
the assumptions (Hij-fH^) are satisfied. Then there exists a positive constant e such that the 
Cauchy problem {4-4(^ admits a unique global C^-smooth solution x^' ~ x^{t,6) for all t G R, 
provided that 

I ^^-jP-dd<e and f Ig'^ (9)1 dO < e . (4.42) 

Remark 4.5 The inequality i4.41\ l implies that the initial string lies in in the Schwarzschild ex- 
terior space-time. The first inequality in i4-4'^\ ) implies that the BV -norm of p^ {9) is small, that 
is, the arc length of the initial string is small; while the second inequality in \4-4'^ implies that the 
L^-norm of the initial velocity is small. The physical meaning of Theorem 4-1 is as follows: for a 
string with small arc length, the smooth motion exists globally ( or say, no singularity appears in 
the whole motion process), provided that the L^-norm of the initial velocity is small. In geometry. 
Theorem 4-1 gives a global existence result on smooth solutions of a wave map from the Minkowski 
space-time M.'^^'^ to the Schwarzschild space-time. 

Noting the second and third equahties in p.9[) . p.23p and the assumption (Hi), we observe 
that there exists a positive constant fco independent of e, such that 

/oo 
\Qo{9)\d0 < koe (^i = 0, 1, 2, 3), (4.43) 
-OO 

where 

p,^{9)^p^^{o,e), Q^(0) = g^(o,0), 

in which P^(t, 9) and Q^(t, 9) are defined by (|32S1)- 

Obviously, in order to prove Theorem 4.1, it suSices to show the following theorem. 

Theorem 4.2 Under the assumptions of Theorem 4-1, there exists a positive constant e such that 
the Cauchy problem 

(EMU, 

(4.44) 

t = 0: S^^=p^{e), P^^^P^{9), Q^ = Q(;(0) (m = 0,1,2,3) 
admits a unique global -smooth solution for all t G M, provided that \4-4^ satisfied. 

Remark 4.6 In fact, we can show that the -smooth solution of the Cauchy problem \4-4(^ ^s 
equivalent to the C^ -smooth solution of the Cauchy problem \4-44^ - 

By Lemma 4.2, the Cauchy problem (j4.44p can be equivalently rewritten as 
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ago aQ' 







dT dd \S\^{\S\-2m) 



m(2m- |g|) 2to " 4m) ' 

^ '^^ WM^M^ ^^^^ 

(P0(5,Q)+Q"(5,P)), 



TO(2m- 1^1) 2"'/Pn\ i "^(^I'^l ~ ^"^) p\ /g p\ 



(i = 1,2,3), 



(1 = 1,2,3), 



r = 0: P^=Po''W- Q^ = Q^W (^ = 0,1,2,3). 



(4.45) 



In (j4.45p . all the unknown functions should be S^{t, d), P^{t, i9), Q^{t, -d), however, for simplicity, 
in pTi5)) and in what follows, we stiU use the symbols 5'', and Q'' to stand for S'^(t, i?), P^(t, i^) 
and Q^(t, i?) (/i = 0, 1, 2, 3), respectively. Thus, by Lemma 4.3, in order to prove Theorem 4.2, it 
suffices to show 

Theorem 4.3 Under the assumptions in Theorem 4-1, there exists a positive constant e such that 
the Cauchy problem J^.^Jp admits a unique -smooth solution for all t E R, provided that 



d§ < koE and 



d-d < koe. 



(4.46) 



Remark 4.7 In fact, by Lemma 4-3, the inequality ^■43\ l is equivalent to the inequality ^.46^ . 

In order to prove Theorem 4.3, we need the following two lemmas which come from |32| and 
are essentially due to Schartzman [^-[50]. 



Lemma 4.4 Let (j) ~ (j){t, x) be a function satisfying 

(pt + c^^^F, v(t,x)e(o,r]x] 

where c ^ is a constant and T > is a fixed real number. Then 



(4.47) 



/OO pT nOO 

\g{x)\dx+ / \F{t,x)\dxdt, V t e [0,T], (4.48) 



fT poo 

In J ~oo 

provided that the right-hand side of the inequality is bounded. 



Lemma 4.5 Let (j) = 4>{t,x) and ip = ip{t,x) be two functions satisfying 

(j)t+(t>^^F, V (t, x) e (0, T] X R, 
t^O: (p^gi{x), 



(4.49) 
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^t-ib,=G, V (i,a;) e (0,T] X 

t = 0: i' = g2{x), 
respectively, where T > is a fixed real number. Then 



(4.50) 



(4.51) 



\(l){t,x)\\'ip{t,x)\dxdt < ( / \giix)\dx+ / / \F{t,x)\dxdt]x 

( / \g2{x)\dx^ [ [ \G{t,x)\dxdt), 

^J~oo Jo J-oo ' 

provided that the two factors on the right-hand side of the inequality are bounded. 

The proof of Lemmas 4.4-4.5 can be found in |32 or [^-[30). 

We next prove Theorem 4.3. 

Proof of Theorem 4.3. By the existence and uniqueness of local solution of the Cauchy 
problem for quasilinear hyperbolic systems, in order to prove Theorem 4.3, it suffices to establish a 
uniform a priori estimate on the norm of U and ^ on the existence domain of the solution 
U = U{T,d) of the Cauchy problem (j4.45p . where 

f/= {S"" ,S\S'' ,S\P\P\P\P\Q\Q\Q\Q'') . (4.52) 

On the other hand, notice that the PDEs in (|4.45[) constitute a diagonal semi-linear hyperbolic 
system. By the theory of diagonal semi-linear hyperbolic systems, in order to establish a uniform 
a priori estimate on the norm of the solution U ~ U{t, i?), it suffices to establish a uniform 
a priori estimate on the norm of the solution U = U(T,'d). 

Noting (|4.4ip gives 

\{p\0),p^0),p^0))\>2m + S. (4.53) 

For the time being, it is supposed that, on the existence domain of the solution U = U{T,-d), 
we have 

|5(r,i?)-(pi(0),p2(0),p3(o))| < J, (4.54) 

where 5 > is a small constant independent of e and 6. At the end of the proof of Theorem 4.3, 
we shall explain that the hypothesis (j4.54p is reasonable. 

By (|4.54p . on the existence domain of the solution U = U{t, -d) it holds that 

M ~ S <\SiT,^)\ < M + S, M,- 5 <\S'{t,&)\ < M, + S (i = l,2,3), (4.55) 

where 

M = |(pi(0),p2(0),p3(0))| , M, = |/(0)| . (4.56) 
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Combining (|T55)) - (|T5S)) yields 

IS"! - 2m > A/ - (5 - 2m > 2?7i + (5 - (5 - 2m = (5 - (5 > 0, (4.57) 
where we choose 6 so small that 

S <S. (4.58) 
We first establish a uniform a prior estimate on the supreme of 

V = (P°, P\P^, Q\ Q\Q^, Q3) (4.59) 

on any given time interval [0,r]. 
To do so, let 

roo(r)= sup max (sup |P'^(r, 1^)1, sup |Q''(t, i5)| 1 , (4.60) 

0<T<TA'=0,l,2,3 



ri(T) = max sup j / 

M=0,l,2,3o<r<T U_, 



P^{T,d)\d^, / \Q>^{t,^)\M\, (4.61) 



ri(r)== jnax isup/ |P^Mr, sup / IQ^Mr I , (4.62) 

^ 0,1,2,3 I _ J _ J J 

where L± stand for given characteristics (corresponding to the eigenvalues ±1, respectively) on 
the domain < r < T, i.e., 

L± : § = a±T (Te[0,T]), 

in which a € M stands for the intersection point of L± with the i?-axis. 
Introduce 

^v{T)^ r [ \P^'{T,mQ''iT,m^dT. (4.63) 

Noting (|4.55p . (|4.57[) and using the equations for P'' and Q'' in (j4.45p . by Lemma 4.5 we have 

^v{T)<ci{n{0) + ^v{T)f , (4.64) 

here and hereafter Ci (i ~ 1, 2, • • • ) stand for some positive constants independent of e, but de- 
pending on S, 6 and M. Noting the assumption (|4.46|) and the definition of ^i(r), we obtain 

ri(0) < fcoe- (4.65) 

Thus, it follows from that 

^v{T)<ci{koe + ^v{T)f ■ (4.66) 
By the method of continuous induction (see Hormander |19)V we can obtain from (j4.66p that 

^y(r) < kis^, (4.67) 
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provided that e > is suitably small, here and hereafter ki (i = 1, 2, • • • ) stand for some positive 
constants independent of e but depending on 6, 5 and M. 

On the other hand, by Lemma 4.4, it follows from the equations for P^^ and Q^^ in (|4.45p that 

< fcoe + C2fci£2 (4.68) 

< 2fcoe, 

provided that e > is suitably small. In (|4.68p we have made use of (|4.65|) and (|4.67p . 
We now estimate f{{T). 
To do so, we first estimate 

where L~ stands for any given characteristic (corresponding to the eigenvalue —1) on the domain 
< T < T, i.e., 

L_ : ^ = a-T (Te[0,T]), (4.69) 

where a is the i^-coordinatc of the intersection point, denoted by Di, of i_ with the ?9-axis. Let 
D2 be the intersection point of L_ with the line t = T. We draw the characteristic corresponding 
to the eigenvalue +1 from the point D2 downward which intersects r = with a point denoted by 
D3. We rewrite the second equation in (j4.45p as 

d{\P°{T, z?)| {d^ - dr)} = sgn (P") |^|2(|5|"l2m) + ^^^"^^ ^ "^"^^ ^^'^^^ 

and integrate (|4.70|) in the triangle domain D1D2D3, to get 

iPV..)ii-..-..i< r>»(o..)|..+//_ !^tt«|±»m.«. 

i_ Jd^ J JdTdTd^ \S\^{\S\-2m) 

(4.71) 

This leads to 



\P°{T,^)\dT < Umo) + csJ2v{T)} < Uhe + cskie^} <C4e. (4.72) 



Here we have made use of (|4.65p and (|4.67p . Similarly, we can prove 

[ \P'{T,d)\di} < C5e and [ |Q^(t, i?)| di^ < cge (i = l,2,3; 0,1, 2, 3). (4.73) 
Jl- Jl+ 

Combining (PTT^ and (|i?75)) gives 

ri(T) < fcae. (4.74) 

We turn to estimate T^(r). 
We first estimate |P°(r, ??)|. 
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Integrating the second equation in (|4.45p along the characteristic : d ^ a + t leads to 



P°(r,i?) = P°(0,a) + 
It follows from (|i?75)) that 



'o \\S\mS\^2m) 



(P°(5, Q) + Q°(^, P))\{v,a + v)dv. (4.75) 



(4.76) 



Similarly, we have 



and 



\p\r,d)\<r^{o) + csyooiT)niT) (i = 1,2,3) 



IQ''(t, ^)\ < r^oio) + CQruT)n{T) ifi = 0, 1, 2, 3). 

Thus, combining (|i:75)) - (|IT75)) gives 

roo(T) < roo(o) + cioroo(r)ri(r) < r^{o) + ciok2er^{T). 

In (|4.79p . we have made use of (|4.74|) . It follows from (|4.79p that 

■roo(r) < 2y„o(o), 



(4.77) 



(4.78) 



(4.79) 



(4.80) 



provided that e > is suitably small. 

Wc finally estimate |5^(r,i9)| = 0,1,2,3). 
It follows from the first equation in (|4.45p 

5^(t, d) = 5^(0, d) + ^±|Jl-^-^(^, ^)dry. 

Noting the assumptions (Hi), (H2) (for simplicity, (Hj)), wc obtain from (|4.8ip that 

|5^(r,79)-5''(0,7?)| <cn(^ \P^{v,ndv + J^ \Q''{v,n dv) < ^MT). 



where 



n{T)^ max sup I r \P^^{7j,^)\drj, \Q^{ij,d)\ dJ 



Similar to (j4.74p . we can prove 



Thus, it follows from that 



■fi{T) < he. 



(4.81) 



(4.82) 



(4.83) 



|5''(T,Z?)-5^(0,^?)| <Ci2fc3e. 



(4.84) 



On the other hand, by Leibniz integral rule, it holds that 



|5'''(0,i?)-5'^'(0,0)| = 



^ dS^^ 
d-d 



(0,i?)d?9 



< 



dp'^(i^) 



d§ 



dd < s. 



(4.85) 
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Here we have made use of the first inequahty in (j4.42[) . Thus, combining (|4.84p and (j4.85p gives 

|S'^(t,i?) -5^(0,0)1 < |5'^(t,i?)-5''(0,i9) + S'^(0,i?)-S'^(0,0)| 

< l^'^lr,^)- 5^(0,^9)1 + 1^^(0,^) -^^(0,0)1 

(4.86) 

< Ci2k3e + e 

= (i + ci2fc3)e. 

This leads to 

|5^(t,i9)| < 15^(0,0)1 + (l + ci2fc3)e, V(t,i9) e [0,r] xR. (4.87) 

Obviously, (|4.80p and (|4.87p gives a uniform a priori estimate on the C° norm of the Cauchy 
problem (|4.45p . 

At the end of the proof, we explain the hypothesis (|4.54p is reasonable. 
It follows from (|i?5S| that 

I 5(t, d) - (pi (0), p2 (0), p3 (0)) I = I 5(t, i9) - 5(0, 0) I < V3(1 + cM^- 

Taking e suitably small gives 



|5(T,^)-(pi(0),/(0),/(0))| < \5. 



(j4.89p implies the reasonablity of the hypothesis (I4.54p . 
Thus, the proof of Theorem 4.3 is completed. 



(4.88) 



(4.89) 



5 Appendix 



This appendix concerns the motion of relativistic string (p = 1) in a special enveloping space- 
time (c/^, g) — the Schwarzschild space-time in which the metric g in the spherical coordinates 
(r, r, a, /?) reads 

2to' 



r 



1 - — ) dr^ +r^ {da^ + sin^ adp^) . (5.1) 

In the spherical coordinates (r, r, a, /3), the parameter form of the motion of the relativistic string 
under consideration in the Schwarzschild space-time may take the following form 

(r, 9) {t{T, 9), r{T, 9),a{T, 9), P{t, 9)). (5.2) 
In the coordinates (r, 9), the induced metric of the sub-manifold reads g = {g^iv)]j, i,=o, where 
500 = " " ~) + - ^) + '^^"r + t'^ sin^ OLPI, 

(5.3) 



.901 



2m \ / 2m 

.910 = - ( 1 - — j Ute + ( 1 - — 



rrrg + r arO-g + r sin af^r/Sg, 



511 = - ( 1 - ^) + (l - ^ ) r'e+ r'a'i + sin' a^i 
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Moreover, we denote the inverse of g by g ^ = {g^^)- 

Throughout this appendix, we assume that the sub-manifold is and time-like^ i.e., 

A = det g = - ^1 - sin^ a{trlie - Prtef ^ ^ "^"^ r'^iUae - artef 

-{t^re-Trtef +\\-'^\ sin^ a(r^/3e - /^^re)^ (5.4) 
2m 

1 I t^Wt-olq — UrTeY + sin^ aio-rPe — PrOteY < 0. 

r J 

In the present situation, the system 

Ec = g^'' [x'l.+f^x^x^) (C = 0,l,2,3) (5.5) 

can be rewritten in the fohowing form 

2m ( 2m \ 

g'^hrr + 2g°hre + g^hgg + _ M - _ j {g^HrTr + g'^HrTg + g'^HgTr + g^HeTe) = 0, (5.6) 



5 (l - ^) {g^'rl + 2g^\rre + g'^rj) ~ r fl - (g°«a? + 2g''arae + g'^aj) 



r sin' ail-^) (.g"V^ + ig'^'fi.lio + g'' PI) = 0, 



r 



Let 



2 

- sinacosa(g"°/3r + 2g°^^r^e + ff"/?^) = 0, 

g°Vrr + 25°i/3,e + 5"/3ee + - (5™/3rr-. + .g^^/^^re + ^oi/S^r, + g^ 

r ^ 

+ -^(ff°°ar/3r + g'^'arPe + 5°^."^ + ^"a,/?^) = 0. 
sma 



C/i = r, 11-2 = a, U3 = tr, Ui = rT, U^^ar, 

UG = l3r, UT^te, Us = rg, 1/9 = ae, Uw = l3g 



(5.7) 
(5.8) 

(5.9) 
(5.10) 



and 



U=(Ui,U2,--- ,Uiof. (5.11) 
Then the equations (j5.6p - (|5.9p can be equivalently rewritten as 

Ur + AUe + B = 0, (5.12) 
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where 



/ 



25' 



A 



,01 



,00 











0-1 





V 







5' 



00 







-1 












gOO 










,01 







-1 



























511 

gOO 


n 


n 


n 





Oi 1 

yii 

gOO 














511 

gOO 














511 

gOO 



















































and 

in which 

Bi = 



B = {Bi,B2,B3,B4,B5,Be,0,0,0,0f, 



B2 
2m 



B. 



2m 



2m 



9 



9 



— 1 Urr + -^Ure + -^tgrr + -^tgrg 



5" 



5" 



5" 



t 



r,01 



^9- .9" 2 

+ 



m 



2m 



-,01 



,5' 



01 



9 



9" 
-,11 



( 1 - — ) ( "r + 2^ar«e + ) - r sin^ a ( 1 - — )(/?; + 2^/3,/3e + ^/3, 



2m 



.5 



01 



5 



11 



9" 



9' 



B5 =z ( "t?V + ^"r^'e + -^agrr + '—aere ] - sin a cos a ( + 2— /3^/3e + — /?, 



5" 

I 

5 



9' 



9" 



.9 



01 



5" ,2 



01 



^01 



11 



00 



2 cos a 



5 5 5 

By a direct calculation, the eigenvalues of A{U) read 



5 
,01 



,00' 



9' 



,00' 



-,11 



5" 
(5.13) 



^ A g"i + v/(g"i)2-g"Vi ^ -goi-v/(goi)^-gooffii (,^ 1 2 3 4) 



5" 



511 



A,: = A+ = 7^ = (i = 5, 6, 7, 8), 



r,00 



(5.14) 



511 



^A, = Ao^0 (i = 9,10). 
The right eigenvector corresponding to Ai (i = 1, 2, • • • , 10) can be chosen as 

n =(0,0,-A_e„eO^ (z = 1,2,3,4), = (0, 0, -A+e,_4, e,_4)^ {i = 5,6,7, 

rg =(1, 0, 0, 0, 0, 0, 0, 0, 0, 0)^, no = (0, 1, 0, 0, 0, 0, 0, 0, 0, 0)^, 
where 



(5.15) 



ei = (1,0,0,0), 62 = (0,1,0,0), 63 = (0,0,1,0), 64 = (0, 0, 0, 1); 
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(5.16) 



while, the left eigenvector corresponding to A,; {i = 1,2, ■ ■ ■ , 10) can be taken as 

=(0,0,e„A+e,) (i = 1,2,3,4), = (0, 0, e,_4, A_e,_4) (t-5,6,7,8), 

/g =(1,0,0,0,0,0,0,0,0,0), ho = (0,1,0,0,0,0,0,0,0,0). 
Summarizing the above discussion yields 

Proposition 5.1 Under the assumption |5.^[ ), the system i5.12\) is a non-strictly hyperbolic system 
with ten eigenvalues (see {BA^^ ), and the right (resp. left) eigenvectors can be chosen as h5.15\) 
(resp. i5.16]) ). 



Proposition 5.2 Under the assumption ^5.4^ , the system iS.lS^) is linearly degenerate in the sense 
of Lax (see J26^}. i.e., 



VA_ • Ti = 



1,2,3,4), VA4 







5,6,7,i 



Theorem 5.1 Under the assumption A_ (resp. X^) is a Riemann invariant corresponding 

to A+ (resp. X-). Moreover, these two Riemann invariants satisfy 



0, 



+ A_- 



0. 



(5.17) 



dr ^ 89 ' dr 89 
The equations (j5.17p play an important role in the study of the motion of relativistic string in the 
Schwarzschild space-time. 

Similarly, we may introduce the following Riemann invariants 

R^ = U^ {i = l,2), R, = U, + X-a,+i (i = 3,4,5,6), i?, = (7,_4 + A+C/, (i = 7, 8, 9, 10). 

(5.18) 

It is easy to verify that Ri (i = 1, 2, • • • , 10) satisfy 



^ + Ao^ + S, = (z = l,2), 
OT o9 



dR^ , . dR, 



(5.19) 



dr ~ 89 



B, = (z = 3,4,5,6), 

B,_4 = (2 = 7,8,9,10). 
Obviously, from (|5.18p we can solve out Ui {i = 1,2, ■■■ , 10) by utilizing Ri (z = 1, 2, • • • , 10) and 
A±, and the resulting expressions of Bi in (|5.13p (equivalently, (|5.19p ') can be represented by the 
unknowns Ri {i = 1, ■ ■ ■ , 10) and X± which can be obtained by (|5.17p . more exactly. 





A+ 






Bi 


= (Ri 




1 








" R'i 




1 


Be 






~ r'i 



A+-R4 — A_i?8 



A_ - A. 



B-y 



mR^R^ 



A-I--R5 — A_i?g 

A_ - A+ 
mRiRg, 



B. 



mjRaRs + RjRj) 
Ri{Ri - 2m) 



Rl i?i(i?i-2m)2 

(i?4i?9 + R5R8) — Sini?2 COSi?2-R6-Rl0j 



R^Rq — sin R^RqR 



10 



(5.20) 



sin R- 



'-{R5R10 + RqRq). 



28 



Notice that the denominator of the second term in the right-hand side of the sixth equahty in 
(|5.20p is sini?2, it is a singularity when i?2 takes the values ki: (k e Z), even we only focus our 
study on the motion of relativistic strings in the exterior Schwarzschild space-time. This makes 
the estimate on this term very difhcult in the study of global existence or blow-up phenomena of 
smooth solutions for the system (|5.20p . Therefore, we do not think that the spherical coordinates 
is a good choice for the study on general motion of relativistic strings in the Schwarzschild space- 
time, this is the reason why we adopt the Schwarzschild metric in the Cartesian coordinates in the 
present paper. 
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